Abstract-Detector jitter, the random delay from the time a photon is incident on a single-photon-counting detector (SPD) to the time an electrical pulse is produced in response to that photon, is characterized for a number of SPDs. The jitter is modeled as a weighted sum of Gaussians. The performance in detector jitter is measured by determining the capacity of a communications channel utilizing a given detector. It is observed that the loss, measured as the ratio of the signal power required to achieve a specified capacity in the presence of jitter to that in the absence of jitter, goes as the square of the normalized jitter standard deviation (the standard deviation of the jitter in slotwidths). The loss is small when the normalized jitter is less than one, and becomes significant beyond that point. This loss must be taken into account when evaluating detectors for very high throughput channels.
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I. INTRODUCTION
T O support a low signal power optical communications link requires highly sensitive photodetectors capable of photon-counting-that is, producing countable pulses in response to single incident photons. In any such detector, there will be a random delay from the time a photon is incident on the detector to the time an electrical output pulse is produced in response to that photon. The uncertainty introduced by the random delay, or detector jitter, results in a loss relative to an ideal jitter-free detector. The standard deviation of the jitter can be on the order of half a nanosecond or more, yielding significant losses for communications links with slotwidths on the same order. This has motivated recent studies on characterizing [1] and mitigating [2] losses due to jitter.
In this letter, we measure and model detector jitter for several candidate single-photon detectors (SPDs) for a free-space optical communications channel. The loss in capacity for each detector as a function of the slotwidth is illustrated. When the slotwidth is sufficiently large, the loss due to detector jitter is negligible. However, the loss increases with decreasing slotwidth, increasing as the square of the normalized jitter standard deviation (the standard deviation of the jitter in slotwidths).
II. LABORATORY CHARACTERIZATION OF DETECTOR JITTER SPD jitter statistics were measured as follows. A series of 1064-nm laser pulses with a 5-ps full-width at half-maximum were generated at a rate of 80 MHz. The pulses were attenuated to yield mean photon rates of less than 3 MHz. At this rate, the probability of more than one photon per pulse along the attenuated path is negligible (less than assuming Poisson arrivals). The unattenuated signal is also transmitted to an analog mode reference detector with bandwidth in excess of 35 GHz. The delay between the output of the reference detector (with variance presumed negligible due to the large incident photon rate) and the detector under test is matched using an analog delay line on the output of the reference photodetector. There are no spectral filtering components between the laser source and SPD that would limit the laser bandwidth, and hence increase the arrival time uncertainty. Finally, a time-to-digital converter accumulates the delays between the electrical outputs of the reference detector and SPD into a pulse jitter histogram. The measured jitter standard deviation of the converter was 5 ps, which we take to be a negligible contribution to the detector jitter.
The data collected via this laboratory setup is modeled as follows. Let be the collection of photon arrivals at the test detector. Pulses are produced at the output of the detector at times , where the are assumed to be independent of one another as well as of the arrival times , and identically distributed. For the class of detectors considered, a 5-ps pulse is well modeled as an impulse, so that the observed histogram on may be used to model , the probability density function of . and 100-kHz repetition frequency. The histograms were fit to a weighted sum of Gaussians of the form (1) using the Levenberg-Marquardt algorithm (see, e.g., [3] ), and normalized to have zero mean. The smallest value of yielding a good fit was used in each case. The fitted models are overlaid on the histograms. Table I lists the parameters of the fitted models, the standard deviation and the photon detection efficiency , the probability that an incident photon produces a pulse. In subsequent analysis, random samples modeling the jitter process are generated by choosing according to the weights , i.e., , and generating a Gaussian random variable with mean and variance .
III. CHANNEL MODEL
We consider the performance of an optical communications channel using each of the detectors. The input is a pulse-position-modulated (PPM) signal and photon arrivals are modeled as a Poisson point process. Signal photons arrive at a rate of photons/second and noise, or background, photons arrive at a rate of photons/second. In each channel use, one of the PPM symbols is transmitted by transmitting a pulse in the th slot of an slot word, with slotwidths of seconds. We first consider a single-channel use in isolation. Let , the incident photon intensity function when the th slot, , is pulsed, where is a pulse with amplitude on and zero elsewhere (a more accurate pulse shape may be substituted without loss of generality in the following analysis). A collection of photons arrives at times . In the presence of detector jitter, each photon is detected with probability at time , where the are independent and identically distributed according to , as well as independent of the arrival times.
The probability density function of detected signal photon arrival times for a pulse transmitted in the first slot is given by , where is the convolution operation. The detected intensity (as opposed to the incident) when the th symbol is transmitted is . Substituting (1) for yields Let be the interval over which there is a nonzero probability of detected signal photons, the number of detected photons over , which is random with Poisson probability mass function and mean , and the detected photon arrival times. The probability density of the detected photons, conditioned on the transmitted signal, is given by [4] ( 2) (3) where the products in (2) and (3) are unity for .
IV. CAPACITY
In a typical system link design, the noise rate , the detector characteristics ( and ), and certain system parameters, for example, an error-control-code (ECC) rate and PPM order are fixed, and the designer determines the signal power required to support a desired throughput bits/second. That is the approach we take in this section. The parameters and are presumed fixed and the minimum signal power required to close the link, supporting a throughput of bits/s is determined as a function of the slotwidth . We presume the use of a rate error correction code, and consider various fixed PPM orders.
Detector jitter introduces not only interslot interference, but also intersymbol interference. Adding memory to the system complicates an exact computation of capacity. We will bound the capacity of the channel using a similar approach to that described in [1] as follows. Suppose that in a single channel use we transmit -PPM symbols, and there is no interference between channel uses. Let denote the capacity of this channel with units of bits/second, where we assess a duration of seconds to one channel use. The -symbol capacity satisfies , yielding a sequence of nondecreasing upper bounds on . We will see that over a broad range, is a good approximation to , the true channel capacity, as noted in [1] .
We represent the transmission of PPM symbols as the transmission of an integer . Expanding each as an -vector over base , , we let select the th PPM symbol, that is, the th slot of the th PPM symbol is pulsed. The detected intensity when is transmitted is
As with the 1 symbol case, let be the number of detected photons, the photon arrival times, and the observation interval. The conditional density of the observation is
The capacity of the -symbol channel with equally likely transmitted PPM symbols is given by [5] (4) where the expectation is over . In numerical results, (4) is estimated via a sample mean. Let the theoretical minimum required incident power to close the link with a rate 1/2 ECC. Define the loss due to jitter, as the ratio of in the presence of jitter to in the absence of jitter for the -symbol channel and let , the normalized jitter standard deviation. Fig. 2 illustrates jitter loss for Gaussian jitter with ns (the case , , ). PPM orders and are illustrated for a range of -symbol capacities. The loss is well fit as quadratic in , with a "knee," the point where the slope of loss versus is one, around
. We see that for small , , in agreement with [1] , and that this approximation is tighter for larger , since the impact of inter-PPM-symbol interference is less. Hence, we can take and as proxies for and . Fig. 3 illustrates the required signal power to achieve a specified throughput for the three detectors and an ideal detector ( , no jitter) with , , and photon/ns. When normalized, we see a similar loss as a function of for all (nonideal) detectors, with a knee occurring at . At low throughputs, the detector performance is differentiated only by the photon detection efficiency, with, for example, the InGaAsP GM-APD demonstrating a 0.5-dB gain over the NbN SSPD. However, as the throughput is increased by narrowing the transmitted slotwidth, the jitter loss begins to dominate, so that the NbN SSPD, with less jitter, demonstrates large gains at high throughputs.
V. CONCLUSION
The loss due to detector jitter grows as the normalized jitter standard deviation squared, with significant losses beyond the region where the standard deviation of the jitter is on the order of the slotwidth. The 1-symbol capacity is a good approximation to the channel capacity for normalized jitter less than 1. The jitter loss must be taken into account when evaluating detectors for very high throughput channels.
